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^ ! Abstract 

^ ■ We determine all tight Lagrangian surfaces in S'^ x S"^. In particular, globally 

ly-^ , tight Lagrangian surfaces in S'^ x 6"^ are nothing but real forms. 
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1 Introduction and main results 



In 1991, Y.-G. Oh [TT] introduced the notion of tightness of closed Lagrangian subman- 
ifolds in compact Hermitian symmetric spaces. Let (M = G/K,uj,J) be a Hermitian 
symmetric space of compact type and L be a closed embedded Lagrangian submanifold 
^ , of M. Then L is said to be globally tight (resp. tight) if it satisfies 

\D 

cn. i^{Lng-L) = SB{L,Z,) 

^ _ for any isometry g & G (resp. close to the identity) such that L transversely intersects 

Q ■ with g ■ L. Here SB{L, Z2) denotes the sum of Z2-Betti numbers of L. 

^ ■ It is known that any real forms in a compact Hermitian symmetric space G/K are 

tight. It is a natural problem to classify all tight Lagrangian submanifolds in G/K. 



Indeed, Oh [TT] proved the following uniqueness theorem in CP". 

Theorem 1.1 (Oh). Let L be a closed embedded tight Lagrangian submanifold in CP". 
Then L is the standard totally geodesic MP" if n > 2 or it is the standard embedding 
MPi) into S^{^ CPi) as a latitude circle. 

And he posed the following problem: 

Problem (Oh). Classify all possible tight Lagrangian submanifolds in other Hermitian 
symmetric spaces. Are the real forms on them the only possible tight Lagrangian 
submanifolds? 

In this paper we give the complete solution of it in the case of S*^ x S*^. Note that 
the following is the first result for the above problem except the case of CP". 



*2000 Mathematics Subject Classification. Primary 53C40; Secondary 53C65. 
^The second author was partially supported by Grant-in-Aid for Young Scientists (B) No. 
20740044, The Ministry of Education, Culture, Sports, Science and Technology, Japan. 
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Theorem 1.2. Let L be a closed embedded tight Lagrangian surface in (S^xS*^, uoQuio), 
where uq denotes the standard Kdhler form of S'^{1) = CP^. Then L must be one of 
the following cases: 

(i) the totally geodesic Lagrangian sphere 

L = {{x,-x) eS^ xS^ \xe S^}. 

(ii) a product of latitude circles S^{a) C S"^, i.e., 

L = S\a) X S\b) cS^x S\ 
where S^{a) stands for the round circle with radius a (0 < a < 1). 

Corollary 1.3. Let L be a closed embedded globally tight Lagrangian surface in (S*^ x 
S^, ujo ffi f^o) • Then L must be one of the following two cases: 

(i) the totally geodesic Lagrangian sphere 

L = {{x,-x) eS^ X \ xe S^}. 

(ii) the product of equators (totally geodesic Lagrangian torus) 

L = S\1) X S\l) cS^x S^. 

As Oh[TTl p. 409] pointed out, the global tightness is closely related with the Hamil- 
tonian volume minimization problem. In fact, all globally tight Lagrangian submani- 
folds which are listed in Theorem 11.11 and Corollary 11.31 are Hamiltonian volume mini- 
mizing (see p!Ol [5]). 

Our strategy of the proof of the main result (Theorem II. 2p is to classify all tight 
Lagrangian surfaces by their Killing nullities in 5*^ x S"^. Possible Killing nullities of 
Lagrangian surfaces in S"^ x S'^ are 3,4,5 and 6. In Section 3, we shall show that it 
is impossible for a tight Lagrangian surface L to have 6 or 5 as the Killing nullity 
using the theory of tight maps into Euclidean spaces. This part is a modification of 
Oh's method used in the case of CP" (see [HI Theorem 4.4]). But, in our case, we 
essentially use the equality condition of Kuiper's inequality (see Theorem 12.71) in the 
case where the Killing nullity of L is 5 (Proposition 13. 4p . 

The latter part of the paper is devoted to the determination of Lagrangian surfaces 
in S'^ X S'^ with low Killing nullities. In Section 4, first of all, we explain basic inequality 
obtained by Gotoh [3], which gives a lower bound of the Killing nullity of any subman- 
ifold in compact symmetric spaces (see Theorem 14. ip . In Section 5, we shall prove 
a sharp estimate of the lower bound in Gotoh's inequality in the case of Lagrangian 
surfaces in S*^ x S"^ (Proposition 15. ip . This formula enables us to determine all the 
Lagrangian surfaces with low Killing nullities. In the last section, all the Lagrangian 
surfaces with Killing nullities 3 or 4 are completely determined. Our argument is based 
on Gotoh's inequality, the above mentioned estimate and recent developments concern- 
ing Lagrangian surfaces in S"^ x S"^ (see [HIl]). In particular, Gotoh's inequality is used 
effectively in this context. 

^The Lagrangian surface (i) in Corollary 1 1.31 is actually homologically volume minimizing. 
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2 Preliminaries 



Let (M, u) be a closed symplectic manifold. Let L be a manifold of dimension ^dimM. 
In this paper all manifolds, maps, etc. are supposed to be of class C°°. An embedding 
t : L — »• M is said to be Lagrangian if l*uj = 0. The image i{L) is called (embedded) 
Lagrangian submanifold of M. Wherever possible, we denote l{L) by L. In this paper, 
we only consider a special class of symplectic manifolds, i.e., Kahler manifolds. If J is 
the associated complex structure on (M , u), then the metric g and u have the relation 
g{X, Y) = uj{X, JY). Then t : L — M is Lagrangian if and only if 

T,{j,)M = i^TpL © J{i^TpL) 

for any p G L as an orthogonal direct sum. 

Let us introduce the notion of tightness of Lagrangian submanifolds. Although Oh 
considered the case of Hermitian symmetric spaces in [TT], its definition is valid for, 
more generally, homogeneous Kahler manifolds. 

Definition 2.1. Let {M,uj,J) be a homogeneous Kahler manifold and L be a La- 
grangian submanifold of M. Then L is said to be globally tight (resp. tight) if 

i^{Lng-L) = SB{L, Z^) 

for any holomorphic isometry g (resp. close to the identity) such that L transversely 
intersects with g ■ L. 

One of the important tools to study the tightness of Lagrangian submanifolds is 
the theory of tight maps into Euclidean spaces. We recall some necessary definitions 
and results for our discussion in the following sections. 

Let be a closed n- dimensional manifold. 

Definition 2.2. A nondegenerate function / on M" is said to be tight (or perfect) if 
it has the minimal number of critical points: 

#Crit(/) = S5(M,Z2), 

where #Crit(/) denotes the number of critical points of /. 

Remark 2.3. By Morse theory, for any nondegenerate function / G C°°{M^) we have 

#Crit(/)>55(M,Z2). 

Definition 2.4. A map : M" — from a closed manifold M" to the iV-dimensional 
Euchdean space (E^, (■,■)) with the standard inner metric (■, ■) is said to be tight if the 
functions zocj) are tight for all unit vectors z* G 5*^"^ such that z o is nondegenerate, 
where z is the linear function dual to z*: 

{zo(j)){x) := {(j){x),z*) (xGM"). 
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Remark 2.5. Sard's theorem says that the function z o is nondegenerate for almost 
all z* e S^-\ 

Definition 2.6. A map : is said to be substantial (or full) if the image of 

is not contained in any hyperplane of E^. 

The following inequality by Kuiper [H Theorem 3A] will be used to prove the 
nonexistence result of tight Lagrangian surfaces in S"^ x S"^ with Killing nullity 6 or 5. 

Theorem 2.7 (Kuiper P,[7j, Little-Pohl |8J). Let M'^ he a closed n- dimensional man- 
ifold. If (f) : M" — s> E^ is a tight smooth map substantially into E^, then 

N <^n{n + 3). (2.1) 

Moreover, the equality is only obtained if M = MP"-, the n-dimensional real projective 
space and the image (f){M) is the Veronese manifold (unique up to projective transfor- 
mation) o/E^. 

Note that the equality condition above was obtained by Kuiper [7] for surfaces, 
n = 2, and by Little and Pohl [8] for n-manifolds in general. We will use the equality 
condition for the case of surfaces essentially in Section 3. 

At the end of this section, we review the definition of the Killing nullity. Let M be 
a Riemannian manifold and M be a submanifold in M. Let i(M) be the Lie algebra 
consisting of all Killing vector fields of M. Consider the following vector space 

i{Mf^^ ■= {Z^^^ G T{NM) I Z G i(M)}, 

where NM denotes the normal bundle of M and Z^^^ indicates the normal component 
of a vector field Z of M. The dimension of i(M)^*^ is called the Killing nullity of M 
and denoted by nuli<'(M). For any p G M, we consider a linear map 

% : i{M)^^ — > NpM © Hom(TpM, NpM) 

defined by 

where V^^^ denotes the normal connection of the normal bundle NM. By definition 
of ^p, we have 

nul i^(M) > dimlm$p. 

As we explain in Section 4, this estimate can be described in terms of Lie algebra in 
the case where M is a compact Riemannian symmetric space. 
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3 Nonexistence of tight Lagrangian surfaces with 
large KiUing nullities 

Let G be the identity component of the full isometry group of S"^ x S"^, that is, G = 
S0{3) X 50(3). Then the isotropy group K ai o = (pi,P2) in S'^ x is isomorphic 
to SO (2) X 50(2), and 5^ x 5^ is expressed coset space G/K. Assume that G is 
equipped with an invariant metric normalized so that G/K becomes isometric to the 
product of unit spheres. 

The vector space of all Killing vector fields on S'^ x S'^ is denoted by i{G/K), which 
is isomorphic to the Lie algebra g = so (3) © so (3) of G. Let t : L — S*^ x S*^ be a 
Lagrangian embedding of a closed surface L. Let us consider the Killing nullity of L: 
imlxiL) = dim^i{G/ K)'^^ . Since the dimension of G is 6, we have nulx(-Z^) < 6. 

Proposition 3.1. //nulx(-Z^) = 6, then the closed embedded Lagrangian surface L in 
S"^ X 5*^ cannot be tight in the sense of Definition \2.1[ 

Proof. Assume that mAxiL) = 6. It suffices to show the following: 
Claim 1. There exists some g & G which is arbitrarily close to the identity such 
that L transversely intersects with g ■ L and 

#(Ln(7-L) >5fi(L,Z2). 

It is equivalent to 

Claim 2. There exists some W G i{G/K) such that all zeros of W^^ G r(A^L) are 
nondegenerate and 

#Zero(Ty^^) > SB{L, Z2). 

Indeed, for W G i{G/K) as in Claim 2, exp{tW) G G will be an isometry satisfying 
the property of Claim 1 for sufficiently small t. Hence, we shall prove Claim 2. 

Choose Wi,W2,...,Wee \{G/K) such that {W^^, W^^, . . . , Wi^^} form a basis of 
\{G/K)^^. Since the isometry group action of G on G/K is Hamiltonian, there exists 
a function G C^i^G/K) corresponding to any element ^ G \{G/K) = so(3) ©so(3) 
such that 

df^ = uj{^,-). 

Therefore, for each Wi G i{G/K) {i = 1,2, ...,6), there exists a function /j G 
C°°{G/K) such that dfi = uj{Wi, ■)• 

Let us define 0j := L*fi G C°°{L) {i = 1,2,..., 6) and introduce a smooth map 
: L defined by 

(j){p) := (01 (p), (f)2{p), . . . , Mp)) (p^ L). 

We shall show that : L ^ is substantial. Assume that (p is not substantial, i.e., 
there exists a hyperplane iJ C E^ such that (f){L) C H. This condition is equivalent to 
the one that there exists a nonzero vector z* = (61, 62? • • • ? ^e) G such that 

{z o 0)(p) = {z* , 4>{p)) = const. 
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for all p G L. Hence the differential of z o vanishes identically and we have 
= d{zo(f)) = d{bi(f)i + ^202 H \- bG(f)e) 

= hd{L*h) + 62^(^72) + ■ ■ ■ + hd{i*h) 

= L*{bidf, + hdf2 + --- + hdU) 

= L*{bMWu ■) + &2^(1^2, ■) + ■■■ + bMWe, ■)) 
= Ujib,Wi+b2W2 + --- + bQWQ,L,i-)). 

Putting V := biWi + 62W^2 H h beWa G i{G/K), then we obtain 

and it yields V^^ = b^Wf^^ + b2Wf^ + ■■■ + b^Wi^^ = 0. Since W(^^, W^^, . . . , Wi^^ 
are linearly independent, we have z* = (61, 62, • • • , ^e) = 0. This is a contradiction. 
Therefore, : L — >■ is substantial. 

By Theorem \2.7\ the smooth map cannot be tight. Hence, there is some z* = 
(ai, a2, . . . , ae) G 5^(1) C such that 

2 o = ai0i + 0202 H h 0606 e C°°(L) 

is nondegenerate but not tight, that is, 

#Crit(zo0) > SB{L, Z2). 

The differential of 2; o is calculated as 

d{z o 0) = uj{aiWi + a2W2 H h 06^5, '-^l"))- 

Here, if we put 

W := aiTVi + 021^2 + ■ ■ ■ + ael^e e (3.1) 

then the critical points of 2; o coincide with the zeros of W'^^ G \{G/K)^^. The 
Killing vector field W in (13. ip satisfies the requirement of Claim 2: 

#Zero(iy^^) = #Crit(2 o 0) > SB{L, Z2). 

□ 

Remark 3.2. The above proposition can be generalized to the case of complex hyper- 
quadrics (5n(C). It is expressed as a coset space G/K = SO{n + 2)/SO{2) x SO{n). 
Let L be a closed Lagrangian submanifold in G/K. Since the dimension of the Lie 
algebra of G = SO{n + 2) is {n + 2)(n + l)/2, we have nul;^(L) < (n + 2)(n + l)/2. 
The same argument of Proposition [371] implies that z/nulft:(L) = (n + 2)(n + l)/2, then 
the closed embedded Lagrangian submanifold L in Q„(C) cannot be tight in the sense 
of Definition \2.1\ 

Before we proceed to the case where nuli^(L) = 5, let us mention a topological 
restriction for embedded Lagrangian surfaces of S*^ x S*^. 
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Lemma 3.3. Let t : L S"^ x S"^ be a Lagrangian embedding of a closed surface. Then 
the Euler characteristic x{L) of L is even. 

Proof. Let t : L — > 5*^ x S*^ be a Lagrangian embedding. Then l^:[L] defines an 
element of 2-dimensional integral homology class H2{S^ x S'^,Z). Since the homology 
class is generated by S := [S"^ x {pt}] and T := [{pt} x S"^], the element t*[L] is 
represented as 

[L] = mS + nT 

for some m, n G Z. The self-intersection index of the cycle G H2{S'^ x S'^,Z) is 

calculated as 

<.*[L] ■ L^[L] = {mS + nT) ■ {mS + nT) = 2mn. 
This fact and Arnold's formula (see pi p. 200]) 

L^[L\ ■ L^[L\ = xiL) 

(in the nonorientable case the equality is modulo 2) implies that x{L) is even. □ 
Let us consider the case where nulx(L) = 5. 

Proposition 3.4. //nulx(-Z^) = 5, then the closed embedded Lagrangian surface L in 
S"^ X S"^ cannot be tight in the sense of Definition \2.1\ 

Proof. Let i : L ^ 5^ x S*^ be a Lagrangian embedding of a closed surface L. 
Suppose that L is tight, i.e., it satisfies 

i^{Lng-L) = SB{L, Z^) 

for any isometry g & G close to the identity such that L transversely intersects with 
g ■ L. This condition implies that 

#Zero(W^^^) = SB{L, Z^) (3.2) 

for any W G \{G/K) such that all zeros of W^^ G i{G/K)^^ are nondegenerate. 

Since nul^(L) = 5, we can choose VTi, . . . , G iiG/K) such that {VT/^^, . . . , Wi^^} 
form a basis of \{G/ K)'^^ . For any Wi G \{G/ K) {i = 1, . . . , 5), there exists a function 
fi G C°^{G/K) such that dfi = uj{Wi, ■). 

Define (pi := L*fi G C°°{L) {i = 1, . . . , 5) and consider a smooth map (p : L —>■ 
defined by 

0(p) := (0i(p),...,05(p)) (peL). 

As in the proof of Proposition 13.11 we see that is a substantial map. 

For any z* = (ai, . . . , 05) G 5"^(1) C ¥P such that z o (p = aicpi + ■ ■ ■ + 05^5 is 
nondegenerate, we obtain 

d{zo(p) = uj{aiWi-\ h a^W^,^-)). 



7 



Putting W := aiWi H h a^W^ G then we have 

rf(zo0)(p)=a;(l^^^(p),.,^(.)) (3.3) 

for any p E L. By equations (13.21) and (13. 3p . we obtain 

#Crit(z o 0) = #Zero(iy^^) = 55(L, Z2) 

for any = (ai,...,a5) G 5*^(1) C such that 2; o is nondegenerate. Hence, 
: L ^ is a tight substantial map of a closed surface. 

Theorem 12 . 71 implies that (p satisfies the equality of (12.11) . Hence, we have L = MP^ 
and is the Veronese embedding. But Lemma 13.31 shows that MP^ cannot be realized 
as a Lagrangian embedding into 5*^ x S"^, since xi^P"^) = 1- D 

4 Symmetric spaces and Gotoh's inequality 

In this section, we explain Gotoh's inequality which gives a lower bound of the Killing 
nullity of any submanifold in compact symmetric spaces. 

Let {G, H) be a Riemannian symmetric pair and g = f) + rfi its canonical decom- 
position, where g and f) denote the Lie algebras of G and H, respectively, and m is 
naturally identified with the tangent space To{G/H) of the origin o = H in the sym- 
metric space G/H. Let M be a compact submanifold in G/H. We may assume that 
M contains the origin o = H. Then m is orthogonally decomposed as 

rh = m + m"*", 

where subspaces m and rri"'" correspond to the tangent space TqM of M and the normal 
space NqM, respectively. Hence, we have an orthogonal decomposition 

= f5 + nx + m^. 

Any Z E Q can be decomposed as 

Z = Z^ + Z^ + Z^ 

according to the above orthogonal decomposition. Define two linear mappings : 
g and : Hom(m, m-*-) by 

^i(Z) := Z^ and ^2{Z)[X) := (adg(Z^)X)^ - B{X, Z^) (X G m), 

where P : m x m ^ m-'- is the bilinear mapping corresponding to the second funda- 
mental form of M at o. Then the following theorem has been proven by T. Gotoh. 

Theorem 4.1 (Gotoh |3]). Let G/K be a compact Riemannian symmetric space and 
M a compact connected submanifold of G/K. Then, the Killing nullity of M satisfies 
the inequality 

nulK(M) > codim(M) + dimIm(^'2M- (4.1) 

Moreover, if M satisfies the equality in Ili4-i\ ), then M is an orbit of a closed subgroup 
ofG, i.e., M is a homogeneous submanifold of G/K. 

Remark 4.2. We note that the Killing nullity nulx(iVf) is a global invariant of M. On 
the other hand, the right hand side of (14. ip is determined at the origin G M, because 
Im(\E'2|h) is only depend on the choice of a subspace m in m. 
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5 An estimate for the case of S'^ x S'^ 

In this section we shall give an estimate of (14. ip in the case of S"^ x S"^ explicitly. 
We set 



S'xS' :={{x,y)e 



\y\ 



i}c 



X 



and assume that x S"^ is equipped with a complex structure J := Jq Q) Jo, where 
Jo is the canonical complex structure of S"^. Let {61,62,63} be the standard ba- 
sis of and put o := (61,61) G S'^ x S"^ C x M^. Then J acts on the basis 
{(62, 0), (63, 0), (0, 62), (0, 63)} of the tangent space To{S'^ x S*^) of S"^ x S"^ at the origin 
o as: 

J(62,0) = (63,0), J(63,0) = (-62,0), 
J(0,62) = (0,63), J(0,63) = (0,-62). 

A compact Lie group G := 5*0(3) x 5*0(3) acts on 5*^ x 5^ transitively and isomet- 
rically. Then the isotropy subgroup at o is 





1 


" 




1 


" 




{( 





A 







B 


) 



A,B e 50(2) } ^ 50(2) x 50(2). 



H 



Therefore 5^ x 5^ can be identified with a homogeneous space G/H m the following 
manner: 



52 X 52 ^ 
g-o < 



G/H = (50(3) X 50(3))/(50(2) x 50(2)), 
gH. 



We denote the Lie algebras of G and H hj q and {), respectively. Here g and f) can 
be expressed as the following: 



= so(3)©so(3) 



-xi - 


-X2 




■ 


-Vi 


xi - 






yi 












. 2/2 




Dso(2) 















■ 








-zi 












zi 







Z2 






-yi -y2 
-ys 




Xi,X2,X3, 2/1,1/2, 2/3 G 



We set a subspace m of as 



m 



— Xi — X2 
xi 
X2 



-yi -2/2 
yi 

2/2 



2:1,2:2,2/1,2/2 G 
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Then we have a canonical decomposition g = f) © m. The tangent space To{S'^ x S"^) 
can be identified with m in a natural manner. More precisely, the bases of these spaces 
correspond with each other as in the following: 



m 



(e2,0) 

(63,0) 
(0,62) 

(0,63) 



We denote the Grassmannian manifold of all oriented 2- planes in To{G/H) by 
G2{To{G/H)). The action of the rotation group SO{To{G/H)) =: G' on To{G/H) in- 
duces a transitive action of G' on G2{To{G/ H)). Wc can express G' as a matrix group 
5*0(4) with respect to the basis {(62, 0), (63,0), (0,62), (0,63)} of To{G/H). Then the 
isotropy subgroup of the action of G' at Vg := spa.ia-^{{e2, 0), (63, 0)} G G2{To{G / H)) is 





H' 



A O 
O B 



A, Be SO{2)^ ^ SO{2) X SO{2). 



Therefore G2{To{G/H)) can be identified with a homogeneous space 

G2{To{G/H)) = G'/H' = SO{4)/{SO{2) x S0{2)) 

with the origin Vg. We also denote Lie algebras of G' and H' by q' and ()', respectively, 
i.e., 

q' = so(4) = {X e M4(M) I *X ^ -X}, 
X O 



O Y 



Now we set a subspace m' of q' as 



m := 



X O 



X,Y eso{2)\. 



X eM2 



Then we have a canonical decomposition q' = ()'©Tn'. The tangent space of G2{To{G/H)) 
at Vq can be identified with m'. Take a maximal abehan subspace a' of m' as 



a := 



O -*X 
X O 



X 



9i 
62 
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Then the set A of all positive restricted roots of a compact symmetric pair (C, H') is 
given by 

A = {^1 + ^2, ^1-^2}, 

and 



C := 



O 
X 



-'X 

o 



X 



01 







02 



0<9i+92<7T 
0<9i-92<7T 



is a fundamental domain of a'. The action of H on G2{To{G / H)) = G'/H' is equivalent 
with the isotropy action of H' on G'/H'. Each orbit of iJ-action on G2{To{G / H)) = 
G'/H' intersects Exp(C) with only one point. Hence the orbit space of if-action can 
be identified with C. This imphes that 9i + ^2 and 9i — 92 are invariants of i7-action 
on G2{To{G / H)) = G'/H'. Geometrically, 9i — ^2 is the Kahler angle with respect to a 
complex structure Jo ® Jo- On the other hand, 9i + ^2 is the Kahler angle with respect 
to Jo® (-Jo)- 



9i — 92 



TT 



Lagrangian w.r.t. Jo ® (—Jo) 



Lagrangian w.r.t. Jo ® Jq 



TT 



^1+^2 



Put X e C as 



Figure 1: figure of C 



X = 



-^1 

-^2 

^1 

^2 



0(^2 u 
Then ExpX e G'/H' = G2{To{G/H)) can be expressed 



as 



ExpX = exp X ■ Vq 

cos 6*1 



-sin^i 
cos ^2 — sin 6*2 
sin^i cos^i 
l_ sin ^2 cos ^2 J 
= span{cos^i(e2, 0) + sin^i(0, 62), 008^2(63, 0) + 



5pan{(e2,0),(e3,0)} 
sin ^2(0,63)}. 
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Hereafter we consider Lagrangian surfaces with respect to a complex structure Jo © Jo- 
Hence we assume that — ^2 = f and put 



9:^ 01^92 + 



TT 



Then 



ExpX = span{cos6'(e2, 0) + sin6'(0, 62), sin6'(e3, 0) — cos^^(0, 63)}. 

We denote by a 2-dimensional subspace of m which corresponds to ExpX 
identification of To{S^ x 5"^) and m. Then 



by the 



span 




x-\ sin 9 



X2 cos ( 





xi,x2 e 



We have an orthogonal decomposition 

Now we shall determine Ker(\E'2|fj) under these notations. For 




















Z2 







-Z2 





X = 






zi 

—Xi cos 9 —X2 sin 
xi cos ^0 
X2 sin ^ 



—Xi sin 9 X2 cos 9 
xi sin ^ 

—X2 cos ^0 



e me, 



we have 

^2{Z)X 



(ad(Z)X)- 



a;2-2isin^ — a;i2;icos6' 

—X2Z1 sin 6* 
xi^^icos^ 





X2Z2 cos 9 
X1Z2 sin 9 



-X2Z2 cos 9 





Thus for 



—yi sin 9 —7/2 cos 9 
1/1 sine 
y2 cos 9 



7/1 cos 9 
—yi cos 9 
1/2 sin 9 



-7/2 sin 9 





-X1Z2 sin 9 





e me, 
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we have 



{^>2{Z)X,Y) = {[Z,X]^,Y) = {[Z,XlY) = --ii{ZXY-XZY) 

= Xiy2{zi cos^ + Z2 sin^ 9) — X2yi{zi sin^ + Z2 cos^ 9). 

Note that Z E I) isin Ker(*2|f,) if and only if {^2{Z)X,Y) = for any X Eme,Y E mj. 
Thus 



Z E Ker(^2|f,) 



{^2iZ)X, Y) = CXe me, "^Y E mi 
zi cos^ 9 + Z2 sin^ 9 = 
zi sin^ 9 + Z2 cos^ ^ = 

zi = —Z2 (if cos^ 9 = sin^ 9) 
z^ = Z2 = (if cos^^ ^ sin^^). 



This yields that when 9 = j or 9 = jn 



Ker(^2M 




-z 
0^0 





z 
-z 



z E 



hence dim(Im(\E'2|(,)) = 1. Otherwise Ker(\l/2|[j) = {0}, hence dim(Im(\E'2|(,)) = 2. 

Let L be a Lagrangian surface of S"^ x S"^ with respect to a complex structure Jo© Jo- 
Assume that L contains o = (ei,ei) E S'^ x S"^. Then from Theorem 14.11 we have 



nuli^(L) > codim(L) + dim(Im(^2|f,)) > 3. 



(5.1) 



Since dim(Im(\l/2|f))) is invariant under the action of H, the equality of the second 
inequality of fIS.ip holds if and only if To(L) is contained in subset H ■ 11X7^/4 or H ■ m^^/^ 
of G2{To{G / H)). Let G2(T{G/ H)) denote the Grassmannian bundle over G/H whose 
fiber at each point p E G/H is G2iTp{G / H)). Since any point of L can be moved to 
the origin o by the action of G, we have the following proposition. 

Proposition 5.1. Let L he a Lagrangian surface with respect to a complex structure 
Jq © Jq on S"^ X S'^. For any p E L, take g E G such that gp = a. Then the Killing 
nullity of L satisfies the inequality 



nuli4'(L) = imlKigL) > codim(5fL) + dimlm(\l'2|[,) > 3. 



(5.2) 



Moreover, the equality condition of the last inequality in h5.^) holds for all p E L if and 
only if the tangent bundle TL of L is contained in the subbundle G ■ m^^/i or G ■ 1x13,^/4 
ofG2iT{G/H)). 

Now we study the condition that the equality of the last inequality of (15. 2p will 



be satisfied. When 9 



4' 



we have 9i + 92 = 0, 9i — 6^2 



When 9 



tTt, we 



have 9i + 92 = vr, 9i — 92 = |. Hence m| and ms^ are Lagrangian subspaces of 
rh = ToiG/H) with respect to Jo © Jq, and are complex subspaces with respect to 
Jq © (—Jo)- Therefore the equality of the last inequality of (15. 2p holds for all p G L if 
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and only if L is a complex submanifold of S'^ x S'^ with respect to a complex structure 
Jo © (""^o)- A complex submanifold of a Kaliler manifold is a calibrated submanifold, 
so it is volume minimizing in its homology class, in particular it is a stable minimal 
submanifold. Castro and Urbano [T] obtained the following result for stable minimal 
Lagrangian surfaces in S"^ x S"^. 

Theorem 5.2 (Castro-Urbano [1]). The only stable compact minimal Lagrangian sur- 
face of S'^ X S'^ is the totally geodesic Lagrangian sphere 

Mo := {{x, -x) e X \ X e S^}. 

Hence, we have 

Corollary 5.3. Let L be a compact connected Lagrangian surface in S*^ x with 
respect to a complex structure Jo © Jo- When we move any point of L to the origin a, 
the inequality 

nuli^(L) > codim(L) + dimlm(\l/2|f,) > 3 

is satisfied. Moreover, the equality of the second inequality in the above formula holds 
for all points of L if and only if L is congruent to Mq. 

6 Classification of Lagrangian surfaces with low 
Killing nullities 

In this section, using the inequality in Proposition 15.1^ let us classify Lagrangian sur- 
faces of S*^ X S*^ with low Killing nullities. 

6.1 The case where nuli^(L) = 3 

Let L be a compact connected Lagrangian surface in S'^xS'^. Assume that nuli<'(L) = 3. 
Then, by Corollary 15. 3[ we have 

3 = nuli^(L) > codim(L) + dimlm(*2|f)) > 3 

for all points of L. Hence, the equahty condition of the second inequahty holds. Using 
Corollary 15.31 again, L must be congruent to the totally geodesic Lagrangian sphere 
Mo. We can prove that Mo is globally tight (see Section 7). 

6.2 The case where nuli^(L) = 4 

Next, assume that nuli^(L) = 4. Then L cannot be congruent to Mq. Therefore, by 
Corollary 15.31 there exist p E L and g E G such that gp = a and 

4 = nul;^(L) = nulKigL) > codim{gL) + dimlm(^'2|i)) > 4. 

Hence, the equality condition of the first inequality holds. By Theorem 14.11 L is a 
homogeneous Lagrangian surface in 5*^ x 5*^. Here, let us use the following recent 
result on homogeneous Lagrangian surfaces in 5*^ x 5*^. 
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Theorem 6.1 (Ma-Ohnita [9J). Let L be a compact homogeneous Lagrangian surface 
in S"^ X S"^. Then L must be congruent to either the totally geodesic Lagrangian sphere 

Mo = {{x,-x) eS^xS^ \ xeS^} 

or Lagrangian tori obtained by a product of latitude circles in S"^ 

Ta,b := {{x,y) e X \ xi = a, y, = b} {0 < a,b < 1). 

Note that nulx(Mo) = 3, nulx(ra,fe) = 4. Therefore, Theorem 16.11 imphes that 
the Lagrangian surface L must be congruent to Tafe. It is clear that ^ is tight and, 
especially, the totally geodesic Lagrangian torus T := Tqq is globally tight. 

Thus we finish the proof of Theorem 11.21 

7 Global tightness of the Lagrangian surface Mq 

In this section, we give a proof of the following theorem. This completes the proof of 
Corollary 11.31 

Theorem 7.1. The totally geodesic Lagrangian sphere Mq in S"^ x S"^ is globally tight. 

Remark 7.2. The fact that the totally geodesic Lagrangian submanifold MP" C CP" 
is globally tight has been proven by Howard [3] using a different method. 

First, we shall review the generalized Poincare formula in Riemannian homogeneous 
spaces obtained by Howard 

Let U he a. finite dimensional real vector space with an inner product, and V and 
W vector subspaces in U. Take orthonormal bases vi, ■ ■ ■ ,Vp of V and wi, ■■■ ,Wq of 
W. The angle cr(V, W) between V and W is defined by 

(t(V, W) = \\vi A ■ ■ ■ A Vp A Wi A ■ ■ ■ A Wg\\. 

Let G be a Lie group equipped with a left invariant Riemannian metric and K a 
closed subgroup of G. Moreover, we assume that the metric on G is biinvariant on K. 
Then, for a subspace V of T^iG / K) and a subspace W of Ty{G/K), we take g^, Qy & G 
satisfying g^o = x and gyO = y. We define the angle dKiV, W) between V and W by 

aKiV,W)= [ a{{dg,)-^V,{dk)-\dgy)-^W)dii{k). (7.1) 

J K 

Theorem 7.3 (Howard [4], Poincare formula). Let G/K be a Riemannian homoge- 
neous space and assume that G is unimodular. Let M and N be submanifolds of G/K 
with djm{G/K) < dimM + dim A^. Then we have 

vol{M n gN)dfi{g) = / aK{T^M,T^N)dfi{x,y). 

Jg JmxN 
^The symbols Mq, Ta,b and T were introduced in Castro and Urbano's paper [1]. 
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Here we apply Theorem 17.31 in the case of S"^ x S"^ and calculate the integration of 
intersection numbers #(M fl gN) when M = N = Mq. 

Let us put o := (d, -ei) e x S'^ C x M:^. Note that o G Mq. The tangent 
space of x S"^ at o is given by 

n{G/K) = To{S' xS^)= Te, {S') © T_,, (S^) 

and {(e2, 0), (es, 0), (0, 62), (0, 63)} forms an orthonormal basis of To{G / K). Moreover, 
since Mq is a homogeneous submanifold, for any x G Mq, there exists g & G such that 

Ui := A={e2, -62), U2 ■■= ^(es, -63) 



V2 

is an orthonormal basis of ((i(7)^^(TxMo) and 

1 , 



V2' 



Vl 



V2 



62,62 



V2 



V2 



(es, es) 



is an orthonormal basis of {dg)g^{T^'M.o) 
Then, from (17.11) . we have 



aK{T^Mo,T'rMo 



By the Hodge *-operator, we have 



K 



aKiT^Mo,T^M, 



ViAv2/\k {vi Av2)\\d^{k). 



{uiAu2,k ^{vi A V2))\dfi{k). 



K 



Since K = 50(2) x 50(2), we can put 



cos (p — sm I 
sin 6 cos (h 



1 
1 



1 
1 



cos ip — sin ip 
sin ip cos ip 



and k = b ^a. Then 

aK{T^Mo,T^Mo) = / |(a(Mi A M2), &(^i A t;2))M0#. 

Jo Jo 

Here, by a direct calculation, we obtain 



{a{ui A U2), b{vi A ^2)) = i(l - cos(0 + ip)). 



Hence we have 



aK{T^Mo,T^Mo) 
Therefore Theorem 17.31 yields 
#(Mo n gMo)dfi{g) 



2tt /■27r 



JO 



|1 - cos(0 + ip)\d(l)dip = 27r^ 



[ (TKiT^Mo, T^Mo)dfiix, y) = 27r\ol(Mo)^ 
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Since 

vol(Mo) = 2vol(^2(l)) = 2 ■ 47r = Stt, 

we have 

/ #(Mo n gMo)dM = 1287r^ (7.2) 
Jg 

Here we review the Arnold-Givental inequahty for real forms in Hermitian symmet- 
ric spaces. 

Theorem 7.4 (Oh [12], [13], [II])- Let G/K be a compact Hermitian symmetric space 
and L be a real form of G/K. Assume that the minimal Maslov number of L is greater 
than or equal to 2. Then for any Hamiltonian diffeomorphism p G }lam{G/K) of G/K 
such that L and p{L) intersect transversely, the inequality 

#(Lnp(L)) > SB{L,Z2) 

holds. 

Since the minimal Maslov number of Mq d S'^ x S"^ is greater than or equal to 2, 
the assumption of the above theorem is satisfied. 



Proof of Theorem Assume that Mg C S*^ x S*^ is not globally tight. Then, there 
exists go E G such that Mq and go^o intersect transversely and 

#(Mon(?oMo)>5fi(Mo,Z2) + l. 

Then, there exists an open neighborhood U of go in G satisfying 

#(Mon(7Mo) > S5(Mo,Z2) + l 

for all g E U. By equality (17. 2p and Theorem 17.41 we have 

1287r^ = / ifiMongMo)dp{g) 

#(Mo n gMo)dp{g) + ! #(Mo n gyio)dp{g) 



G 



G\U Ju 

> [ SB{Mo, Z2)dp{g) + [ {SB{Mo, Z^) + l)dp{g) 
Jg\u Ju 

SB{Mo,Z2)dpig)+ [ dpig) 

G Ju 

> SB (Mo, Z2)vo\{G) 
Since SB{Mo,Z2) = SB{S^, Z2) = 2 and 

vol(G) = vol(50(3))2 = (87r2)2 = 647^^ 

we have 

1287r^ > SB{Mo, Z2)vol(G') = 1287r^ 
This is a contradiction. Therefore, Mq C S*^ x S*^ is globally tight. □ 
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